We give a series of integrable top equations associated with the projective geometry over 2 .
− 1 dimensions is possible and is associated rather with the n-dimensional projective space over Z 2 .
We take the projective space Z 2 P n−1 with homogeneous coordinates (z 0 , z 1 , · · · , z n−1 ), where z i is either 0,1 and calculations are performed in arithmetic mod 2. The space Z 2 P n−1 consists of a finite number of points e i (i = 1, · · · , 2 n − 1) with the multiplication operation e i e j defined by the sum of their associated coordinates.
For the 3D (n = 2) case, we have three points, e 1 = (0, 1) , e 2 = (1, 0) , e 3 = (1, 1) ,
with the multiplication rule, e i e j = ε
where ε ijk is the structure constant of the su(2) (quaternion) algebra. Using this structure constant, we obtain the 3D Euler top equations with variables (ω 1 (t), ω 2 (t), ω 3 (t)),
In the 7D (n = 3) case, we have seven points, e 1 = (0, 0, 1) , e 2 = (0, 1, 0) , e 3 = (1, 0, 0) , e 4 = (1, 1, 1) ,
with the relation
where c ijk is equal to a realization of the totally anti-symmetric structure constant appearing in the Cayley (octonion) algebra,
The relation (5) can be read off from the diagram in Fig.1 , the seven-point plane with 7 points and 7 lines; 3 points lie on each line and 3 lines pass through each point. Replacing ε ijk in (3) by the constant c ijk , we obtain the set of seven equations for a 7D top [1] [2],
In a similar fashion to the above 3D and 7D cases, we can obtain 2 n − 1 equations for a (2 For example, in the 15D (n = 4) case with an appropriate labelling of 15 points in Z 2 P 3 , we have a 15-point tetrahedral space containing the following 15 7-point planes assigned by 7 points in them, where the p-th element in each of the above 15 brackets is placed on the point p in Fig.1 . The form of the 15D top equations derived from the 15 point-hyperplane iṡ
+ ω 9 ω 14 + ω 10 ω 13 + ω 11 ω 12 , ω 5 = ω 1 ω 4 + ω 2 ω 3 + ω 7 ω 6 + ω 8 ω 14 + ω 9 ω 15 + ω 10 ω 12 + ω 11 ω 13 , ω 6 = ω 1 ω 3 + ω 2 ω 4 + ω 7 ω 5 + ω 8 ω 13 + ω 9 ω 12 + ω 10 ω 15 + ω 11 ω 14 , ω 7 = ω 1 ω 2 + ω 3 ω 4 + ω 6 ω 5 + ω 8 ω 11 + ω 9 ω 10 + ω 12 ω 15 + ω 13 ω 14 ,
ω 9 = ω 1 ω 8 + ω 2 ω 11 + ω 3 ω 13 + ω 4 ω 14 + ω 5 ω 15 + ω 6 ω 12 + ω 7 ω 10 , ω 10 = ω 1 ω 11 + ω 2 ω 8 + ω 3 ω 14 + ω 4 ω 13 + ω 5 ω 12 + ω 6 ω 15 + ω 7 ω 9 , ω 11 = ω 1 ω 10 + ω 2 ω 9 + ω 3 ω 15 + ω 4 ω 12 + ω 5 ω 13 + ω 6 ω 14 + ω 7 ω 8 , ω 12 = ω 1 ω 13 + ω 2 ω 14 + ω 3 ω 8 + ω 4 ω 11 + ω 5 ω 10 + ω 6 ω 9 + ω 7 ω 15 , ω 13 = ω 1 ω 12 + ω 2 ω 15 + ω 3 ω 9 + ω 4 ω 10 + ω 5 ω 11 + ω 6 ω 8 + ω 7 ω 14 , ω 14 = ω 1 ω 15 + ω 2 ω 12 + ω 3 ω 10 + ω 4 ω 9 + ω 5 ω 8 + ω 6 ω 11 + ω 7 ω 13 , ω 15 = ω 1 ω 14 + ω 2 ω 13 + ω 3 ω 11 + ω 4 ω 8 + ω 5 ω 9 + ω 6 ω 10 + ω 7 ω 12 .
2 General solution of the (2 
and in the 7D case,
Similarly, 15 variables a i in the 15D top can be easily read off from the 15-point hyperplane defined in (8).
Using the variables a i , the (2 n − 1)D top equations are re-expressed aṡ
and the equations of motion for the difference of the a i 's arė
We introduce the quantity W with the constants ρ i and χ ij ,
The conditionẆ = 0 leads us to (2 n − 1)(2
Although the N ij are not independent, they are sufficient to construct a basis of 2 n − 2 independent conserved quantities, thus guaranteeing the integrability of the (2 n − 1)D top. Specifically, all the N ij can be expressed in terms of N 1j (j = 2, · · · , 2 n − 1) through the relation
which means that any conserved quantities in the system can be constructed from these 2 n − 2 quantities N 1j . In particular it is possible to define 2 n − 1 polynomial conserved quantities γ i from N ij as (15), we see that all a j are expressed in terms of two variables T and U, with the constants
Note that the variables T and U are symmetric under any permutation of a i 's. Substituting the expression of a i 's into the definition of T in (15), we have the following relation between T and U,
From (18) and (19), we see that all variables are expressible in terms of one variable, which demonstrates that the system of the (2 n − 1)D top is integrable. The explicit expression for the quadrature whose evaluation solves the top is given in the next subsection.
General solution
The time derivatives of T and U are derived from the equations of motion (12),
We introduce a variable R(t) = T (t) U(t), whose time derivative is given aṡ
Substituting R = T U into (19) and (18), we have
and
Using (21) and (22), we obtain a first-order equation for R(t), R = (
which is non-hyperelliptic except for the 3D (n = 2) case. The integral associated with this equation can be shown to correspond to a Riemann surface with genus g = (2
the order 1/2 n−1 in the RHS of (24) means that we need 2 n−1 complex surfaces, each of which has 2 n−1 cuts since the order of R is 2 n − 1 inside the bracket of the RHS.
Further generalisations
It would be natural to expect that the examples of this note could be further generalised to the discussion of evolution equations for k n − 1 k − 1 variables, corresponding to tops based upon the space Z k P n−1 . Despite many efforts, we have as yet been unable to demonstrate a set of integrable equations for integral k > 2 except for the case where n = 2 and there are k + 1 points lying on a line. Then one possibility for a set of integrable evolution equations is [6] 
These equations are reduced to a hyperelliptic differential equation for a g = k − 1 Riemann surface. It would be surprising if there is no elegant integrable generalisation of these or similar evolution equations.
